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Double Shell Structure of the Periodic System of the Elements * 
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A n e w p e r i o d i c system of the e lements ( P S E ) is p r o p o s e d which e x h i b i t s symmetry proper t i e s 
not apparent in the c o n v e n t i o n a l a r r a n g e m e n t of the e l ements . By d i s c u s s i n g the so lut ions o f the 
non-re lat iv is t i c S c h r ö d i n g e r e q u a t i o n f o r the C o u l o m b p r o b l e m it is s h o w n that the P S E m i g h t b e 
based o n the f i l l ing of o n l y f o u r C o u l o m b shel ls as c o m p a r e d to the par t ia l f i l l ing of u p to e ight 
shel ls in the c o n v e n t i o n a l c lass i f i cat ion . O n the other h a n d , the m u l t i p l i c i t y of the states in the 
P S E a p p e a r s to b e f o u r as c o m p a r e d to t w o d u e to spin in the h y d r o g e n s p e c t r u m . A t r a n s f o r m a t i o n 
of the P S E - s p e c t r u m into the h y d r o g e n s p e c t r u m is p o s s i b l e b y a rotat ion in q u a n t u m n u m b e r space . 

1. Introduction 

The Periodic System of the Elements (PSE) re-
flects the order of filling of the electron shells and 
subshells. It is a generally accepted rule that this 
order is in principle identical with the sequence of 
the electronic states in the hydrogen atom. The well 
known exceptions from the expected order of filling 
occuring in the PSE are ascribed to the modification 
of the unscreened Coulomb field due to the presence 
of other shell electrons and to the interactions among 
these electrons and have been justified by detailed 
calculations of the energies involved. 

However, the exceptions from the rule in the 
second half of the PSE are so numerous that one 
might well ask: Is the sequence of the hydrogen 
states really the underlying principle in the build 
up of the PSE or is it possible to find a more ad-
equate principle? 

In persueing this question, we concentrate on the 
major exceptions where complete subshells are filled 
against the rule, e. g. the filling of the 4s subshell 
before the 3d subshell. We shall neglect the minor 
irregularities occuring within some of the subshells; 
especially, with respect to the beginning of the lan-
tanides, La is taken to be the first element with an 
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electron in the 4f subshell, since here the inter-
mediate occupancy of a 5d state can be considered 
as a minor exception similar to that occuring in the 
case of Gd at the center of the lantanides. 

It is evident that the problem of finding a simple 
build up principle implies a rearrangement of the 
conventional PSE. 

After a suitable system is presented in Sect. 2, 
the dependence of some properties of the elements 
on their position in the new PSE will be discussed 
in Sect. 3. In Sect. 4 the solutions of the Schrödinger 
equation for a Coulomb potential will be discussed 
and it will be shown that both the PSE-spectrum 
and the hydrogen spectrum are solutions of the 
Coulomb problem. The spectra transform into each 
other by a rotation in quantum number space. 

2. Formal Description of the New PSE 

The new PSE is shown in Fig. 1. It is obtained 
by first turning the conventional system up side 
down in order to obtain the correlation between 
energy and quantum numbers in a customary way. 
Then the group I and group II elements are pulled 
one unit down and written to the right of the other 
elements. 
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F i g . 1. T h e P e r i o d i c S y s t e m of the E l e m e n t s ( P S E ) . F o r the 
shel l n u m b e r h o l d s : N = n + l, N = l = lmax o f the shel l . 

A classification in terms of the conventional prin-
cipal quantum number n and the orbital quantum 
number I is given in Fig. 2. Evidently, for each 
single shell not n is a constant but N = n-\-l. This 
possibility of characterization has been noticed as 
early as 1 9 2 6 by M A D E L U N G 1 and has again been 
stressed only recently by G O U D S M I T and R I -

CHARDS2; however, no further conclusions were 
drawn. 

8-SHELL- CLASSIFICATION 

n N 
5f 6d 7p 8s 8 
4f 5d 6p 7s 7 

id Sp 6s 6 
3d ip 5s 5 

3p 4s 4 
2p 3s 3 

2s 2 
1s 1 

N = n + t 
F i g . 2. 8 -She l l -C lass i f i ca t ion o f the P S E in t e rms of the con -

vent iona l q u a n t u m n u m b e r s . 

In fact, as evident from Fig. 1, the PSE exhibits 
high symmetry. It consists of boxes which form a 
triangular matrix. Each box contains 4 ( 2 / + 1 ) ele-
ments. The multiplicity ( 2 Z + 1 ) is due to the well 
known space degeneracy as described by the mag-
netic quantum number m with the values 

- / m + / . 

There is a doubling of states in the horizontal di-
rection which is ascribed to the spin s, 5 = ± 1 / 2 
and a similar doubling in the vertical direction 
which we shall describe analogous to the spin by 

3 
Li 

4 
Be 

1 
H 

2 
He 

introducing tentatively a new quantum number c, 
c=± 1/2. 

Clearly, the PSE exhibits a double shell structure 
in a twofold sense: a) There is a shell structure 
both in the horizontal and vertical direction and b) 
each shell is at least a double shell. 

3. Properties of the Elements 

From the chemist's point of view, the new PSE 
preserves at large the relative position of the usual 
chemical groups. In addition, proceeding along the 
outer edges either horizontally or vertically, there 
is in general only a relatively small change in the 
chemical properties of the elements; if this rule 
could be put on a physical basis, the chemical simi-
larity of the lantanides would need no special justi-
fication. As a byproduct, in the new PSE alkali 
halides are centered naturally around the noble 
gases in a similar way as the III — V and II — VI 
semiconductors are centered around the elemental 
ones. 

It is an essential feature of the conventional PSE 
that it exhibits a shell structure in the horizontal 
direction. Many physical and chemical properties 
vary more or less continuous with increasing filling 
of the 2(2Z + 1) states in a given subshell I, but 
there is a discontinuous change in going horizon-
tally from one subshell to the next. If the notion of 
double shells in the vertical direction is of physical 
reality, one should expect a discontinuous behaviour 
by proceeding along the elements of a given chemi-
cal group. 

3 HÜTTE, T a s c h e n b u c h der W e r k s t o f f k u n d e ( S t o f f h ü t t e ) , A k a -
demischer V e r e i n Hütte , H r s g b . , B e r l i n 1 9 6 7 , p . 18. 



In Fig. 3 the electronegativity 3 of the elements is 
plotted for each chemical group as a function of 
N = n + l. The elements with odd N belong to the 
lower halves of the double shells and are represent-
ed by blade symbols, the elements with even N are 
in the upper halves and are represented by open 
symbols. Two consecutive elements of the same 
group are connected by a full line if they belong 
to the same double shell, and by a dotted line if they 
belong to different ones. 

Fig . 3. D o u b l e shell structure in the e lectronegat iv i ty a long 
the chemica l groups . 

The double shell structure is very pronounced in 
the group III elements (B, Al, Ga, . . . ) . Clearly, 
the slope of the first dotted line is here opposite to 
the slope of the full lines. However, due to the strong 
background variation, the opposite slopes of full 
and dotted lines are in many cases suppressed; this 
fact should not give rise to the impression that two 
elements of different double shells are basically 
more similar than two of the same double shell. 

Similar curves may be obtained for other proper-
ties which depend on the outer electrons. As a rather 
basic property the ionization energies4 are shown 
in Fig. 4. Opposite slopes are barely indicated, but 
the different general appearance of the full lines 
compared to the dotted lines is in accordance with 
the assumption of double shells in the vertical direc-
tion. One can show by appropriate plots that with 
increasing nuclear charge of isoelectronic atoms the 
double shell structure in the ionization energies for 
the last electron becomes less pronounced in accor-
dance with the observation that highly ionized atoms 
obey 2 the hydrogen level spectrum, which, of course, 
does not have a vertical structure. 

Fig . 4. D o u b l e shell s tructure in the ionizat ion-energies a l ong 
the chemica l groups . 

4. Theoretical Interpretation 

4.1. Solutions of the Schrödinger equation 

In solving the Schrödinger equation for a Cou-
lomb potential, there is some freedom in the choice 
of a certain constant This fact is well known 5, 
but in the past only that value of which leads to 
the spectrum of the H-atom has been considered to 
be of significance. In the following the Coulomb 
problem shall be reconsidered by paying special 
attention to the role of « with respect to the genera-
tion of different spectra. 

In spherical coordinates, the radial part of the 
wave equation is given 5 by : 

1(1+1) h2 h2 I d f g dfi\ _ Ze^ 
2 /u r2 dr \ dr) r 2 ur2 R = E R . 

(1) 

We consider only bound states, i. e. the energy is 
assumed to be negativ, E = — E . We define the 
dimensionless quantities Q, x, A by 

Q = kr/x, (2 a) 
1 = 2 ii | E \/h2 k2, (2 b) 
I = * 2 // Z e2/h2 k (2 c) 

and obtain Eq. (1) in the dimensionless form 
d 

do 
d R 

do [/(/+!) -Aq+X2Q2} R = 0 ( 3 ) 

Lit. 3 . p. 20 . 
L. SCHIFF, Q u a n t u m m e c h a n i c s , M c G r a w - H i l l 1955 . p . 82 . 



Assuming a solution of the form 
R(Q) = tf[a0 + o1Q + a2Q?...] (4) 

results, by ordering in power of Q, in 
IQ>[(V+1)(V + 21 + 2) av + \ ( 5 ) 

"=° + (X-2x{l+l)-2xv) a,] = 0 . 

The usual termination condition on the polynomial 
E av ov at a finite v, say v = n r , gives the condition 
for the alowed values X, 

X = 2 x(nr + Z + 1) = N* (6) 

where the choice of x is still arbitrary. Any 
ensures the quadratic integrability of R(o). 

Equation (2b) suggests, that k may be identified 
with a wave number which by Eq. (2 a) is confined 
to the values 

kn*=x kJX = kjn*, k0 = 2 ju Z e2jh (7) 

which are with 
X/x = n* = 2(nr + l+l) = 2 , 4 , 6 , . . . (8) 

independent of From Eqs. (7) and (2 b) the al-
lowed energies 

En.= - ! En, | = - Ejn*2, E0 = 2 u Z2 e*/h2 (9) 

are thus independent of x also. 
The sequence of energies En* 

E2 = - EJ4, £4 = - Ej 16, E6 = - EJ36,... 
(10) 

is a universal property of the Coulomb potential 
and is, therefore, apart from the different labelling, 
in particular identical to that of the H-atom. In the 
conventional treatment of the H-atom, however, one 
introduces a principal quantum number n, 

n = n*/2 (11) 

and then labels the energies by n, En= — £ 0 / 4 n 2 

with 7 i = l , 2, 3 , . . . . It appears that n has to be 
considered a short notation for n*/2. 

Since the energies are independent on they 
cannot be used for distinguishing spectra with re-
spect to different However, because of Eq. (6) 
a suitable classification is possible in terms of the 
quantum number X (x). 

i - SHELL-CLASSIFICATIONS 

n,f N* N n.t 

5 d 6p 7 s 8 0.3 1,2 2,1 3,0 3 if id i p i s 

3d <p 5 s 6 0,2 1.1 2,0 2 3d 3 p 3 s 

2p 3 s 0,1 1.0 1 2 P 2s 

1 s 2 0.0 0 Is 

4.2. Classes of Spectra 

Let us consider the two cases x=l/2 and x = l. 
The first case corresponds to the generation of the 
hydrogen spectrum, the second will turn out to cor-
respond to the generation of the PSE-spectrum. 

From Eq. (6) we have for 
x=lj2: 

X=(nr + l+l)=N*, N* = 1 , 2 , 3 , . . . . (12) 
By Eqs. (8) and (11) holds, rather incidentically, 
N* = n. Therefore, the conventional classification 
of the hydrogen states in terms of n conceals the 
significance of x in the generation of the spectrum. 

In case of the PSE however, the role of x seems 
to be of some importance. From Eq. (6) we have for 
x=l: 

/ = 2(n r + Z + l ) = A * , N*= 2 , 4 , 6 , . . . (13a) 

where the bar-notation is used simply for the pur-
pose of differentiation from the case x = l/2. Since 
I and hT are by Eq. (4) integer numbers, N* can in-
deed assume only even numbers. 

Each of the states with N* = const carries a con-
tribution of twice the angular momentum quantum 
number I and this is exactly the property which is 
characteristic for the PSE. However, in the conven-
tional classification of Fig. 2 the principal quantum 
number n = 7ir + / + 1 is used and Eq. (13 a) reads 

/ = 7i + Z + l = n r + 2Z + 2 = y V + l . ( 1 3 b ) 
By comparison of Eqs. (13 a) and (13 b) one ob-
tains 

7ir = 2 n r , N + 1=N*. ( 1 4 , 1 5 ) 
The relationship (14) has to be considered as the 
definition of a short notation for 2 nT and hence nT 

must be even. Similarly, by Eq. (15) , N + 1 can 
assume only even values corresponding to the allow-
ed values of N* given in Eq. (13 a) . Apparently, 
the classification of the PSE given in Fig. 2 contra-
dicts in part these conditions. In fact, only every 
second shell of Fig. 2 survives if these conditions 
are imposed and one obtains the spectrum given in 
Fig. 5 a which may be written in terms of nT and I 
as given in Fig. 5 b. 

Fig. 5. 4-Shell-Classification of the 
PSE in terms of ( from left to right) 
a) the conventional quantum num-
bers n and I; b ) the PSE-quantum 
numbers nT and_Z; c) the PSE-quan-

tum-numbers 7i = rcr-f Z + l and I. 



Since the number of elements in the PSE is a 
physical reality and beyond discussion, by com-
parison of Fig. 5 with Fig. 1 we conclude that in 
fact pairs of rows rather than single rows (as in 
the case of the H-atom) form complete shells and 
that the degeneracy of a PSE-shell is twice that of 
a hydrogen shell. In order to lift this additional de-
generacy, analogue to the postulation of a spin 
5 = ± 1 / 2 in the non relativistic treatment of the 
hydrogen atom, we postulate for the PSE in addi-
tion a quasi spin property described by a quantum 
number c = ± 1 / 2 . Similar to the total angular mo-
mentum quantum number / = Z + s = Z ± l / 2 a total 
radial quantum number q may be defined as 

<7 = nr -f c = nT+ 1/2 = q± , 

where the states q + correspond to the upper and the 
states <7_ to the lower half of a double shell. 

Every element of the PSE is thus defined by a set 
of five quantum numbers (hT , c ; I, m, s ) . The boxes 
of the PSE (Fig. 1) are obtained by generating the 
set (Fig. 5 b) : 

{(nr,l)} = {(v,N-v)}- = 0 , l , 2 , ' " , N ' 
Xy " 'fN = 0, 1 ,2 , . . . , < / ( = 3) 

(16 a) 

where N is used as a short notation for (N — 2)/2. 
The multiplicity 4 (2 1+ 1) of each box, produced by 

c=± 1/2, -l<Lm<L+l, s = ± 1/2 (16b ) 

gives then the 4 (2 l + l ) chemical elements of the 
box. 

If we define a principal quantum number h such 
that it is of the same form as the conventional prin-
cipal quantum number n, 

n = nr + l +1 (17) 

the states (n, I) of a double shell in the PSE look 
the same as the states of a shell in the H-atom (Fig. 

5 c ) . The order of filling, however, is opposite in 
the two cases. 

It may be mentioned that a substitution 21 = 1 
which would reduce Eq. (13 b) to the form of Eq. 
( 12 ) , is not possible since the degeneracy of a 
state / would be different from 2 ( 2 1+ 1) as requir-
ed by a row of the PSE. Physically, I is uniquely 
defined by the rotational symmetry of the problem 
and cannot be reinterpreted. 

With respect to the nomenclature it would be 
of some advantage not to introduce a principal 
quantum number at all, but rather use the maximum 
angular momentum I of the shell instead. If one de-
signates further the radial quantum number not by 
nr but by /', one has simply for every shell 

/ + / ' = / = const. 

The energies depend on ( / + 1 ) and for 1 = 0 one 
has a zero point energy as in the case of the har-
monic oscillator. 

4.3. Wave Functions 

The coefficients in the dimensionless radial wave 
functions, Eq. (4 ) , depend on x as given in Table 1; 
in physical space, however, the radial functions are 
independent on x and can be written as 

Ry.,n*,i{r) =A0 e -k0 r/n* r Y + 1 12 kn 
Ll/2n* +1 (18) 

where A0 is a normalization factor, L + 1 are as-
sociated Laguerre polynomials, k0 = 2 ju Z e2/h2 and 
n* assumes by Eq. (8) only even integers, n* = 2, 4, 
6, . . . . Since the factor x~l can be absorbed into 
the normalization constant, the radial functions are 
— apart from their different labelling — identical 
to those given in the literature5 for the hydrogen 
atom. 

The complete wave function for the Coulomb 
problem should allow for the duplicity of the shells 

X 1=3 1=2 1= 1 I = 0 ? 
1 1, 0, 0, 0 1, - 1 / 3 , 0, 0 1, - 1 , 1 /5 , 0 1, - 3 , 2, - 1 / 3 3 

1, 0, 0, 0 1, - 1 / 2 , 0, 0 1, - 2 , 2 /3 , 0 2 
1, 0, 0, 0 1, - 1 , 0, 0 1 

1, 0, 0, 0 0 

1 /2 1, 0, 0, 0 1, - 1 / 6 , 0. 0 1, - 1 / 2 , 1 /20 , 0 1, - 3 / 2 , 1 /2 , - 1 / 2 4 3 
1, 0, 0, 0 1, - 1 / 4 , 0. 0 1, - 1 , 1/6 , 0 2 

1, 0, 0, 0 1, - 1 / 2 , 0, 0 1 
1, 0, 0, 0 0 

Tab le 1. T h e coeff ic ients a0, at, a2, a3 of the dimensionsless 
radial funct ions , Eq. ( 4 ) , f o r x = 1 and * = 1 /2 . 



in case of x = 1. The wave function might be written 

c .m .s = A Rn*,i(r) Yr(#,<p) (19) 
fc(±l/2) r c [ ± ( x - 1 / 2 ) ] 

where A is a normalization factor, Y™ are spherical 
harmonics, %s and -Tc are spin and quasi spin func-
tions where the latter reduces to a constant in the 
case x = 1/2. The well known spin function requires 
the inclusion of relativistic effects; the physical basis 
for r c has still to be found. 

4.4. Transformation of Spectra 

It is known that highly ionized2 atoms form a 
periodic system which coresponds to the hydrogen 
spectrum. This implies that there should exist a 
transformation which transforms the PSE-spectrum 
gradually into the hydrogen spectrum if the strength 
of the Coulomb potential is changed while the num-
ber of electrons is kept constant. 

We consider a triangular quantum number lattice 
with a fixed direction being the direction of increas-
ing A (Fig. 6 ) . Both the hydrogen spectrum and 
the PSE-spectrum occupy certain lattice points in 
this lattice. It is evident from Fig. 6 that the re-
quired transformation is a rotation of the spectra 
in the fixed lattice space by an angle $ which is re-
lated to the parameter x of the Schrödinger equation 
treatment by 

cos d = x . (20) 

For <5 = 0 we have the PSE spectrum with x = \ and 
/ (1) = 2 , 4, 6 , . . . ; for d = ji/3 we have the hydro-
gen spectrum with = 1/2 and A (1/2) = 1, 2, 3 , . . . . 
The discussion of the additional four characteristic 
angles produced by the sixfold symmetry of the 
lattice shall be omitted here. 

Physically, x might be interpreted as a measure 
for the effective potential in the following sense. 
We write Eq. (2 c) in the form / = 2 ft Z* e2/h2 k 
with 

Z*=xZ. (21) 

If Z is the nuclear charge, then Z* is the effective 
nuclear charge which shall be defined to be equal to 
the number of electrons which can be bound by the 
potential. For x — 1, the number of bound electrons 
is equal to the nuclear charge as it is the case in the 
PSE. If x=l/2, the number of bound electrons is 
equal to half the nuclear charge. In order to get 
from the atoms of the PSE a periodic system which 
corresponds to the hydrogen spectrum, for each 
constant number of electrons in the shell one should 
by this interpretation increase the nuclear charge by 
a factor two. — In fact, the binding power per unit 
nuclear charge is much weaker in case of the hydro-
gen spectrum than in case of the PSE. It may be 
reasoned by very general arguments that therefore 
the hydrogen spectrum is not realized as a periodic 
system under normal conditions on earth but only 
in highly excited plasmas. 

H-ATOM 

x = 112 

. V x / \ / \ / \ / \ / 
>8k—8i—8h—8g—8f—8d—Bp—8 s 

Fig . 6. PSE- and hydrogen-spectrum e m b e d d e d in a triangular quantum number lattice in the conventional classification. For 
the PSE, the correct classification may be obtained by using F ig . 5. 



The interpretation of x as a transformation para-
meter according to Eq. (20) allows some additional 
information on * which is not readily obtained from 
the Schrödinger equation: 

a) In Sect. 4.2 we introduced the quasi spin quan-
tum number c in order to generate the actual PSE. 
As seen from Fig. 6, by rotating the hydrogen spec-
trum onto the PSE spectrum, certain states (indicat-
ed by open dots in the figure) become forbidden. 
However, if one postulates that no states are to be 
lost by the transformation, then one is forced to in-
fer the existence of an additional level splitting ef-
fect such that the total number of allowed states re-
mains constant. 

b) From the Schrödinger treatment the only con-
dition on x is x > 0. If Eq. (20) is assumed to be 
indeed correct, than the allowed range for x is 
0<x 1. Still, neither by Eq. (6) need /.(x) to be 
an integer in order to define a solution of the Schrö-
dinger Eq. (3) nor is d by Fig. 6 necessarily con-
fined to special angles. However, from Fig. 6 it is 
clear that for intermediate angles ji/3><3>0 the 
spectra do not coincide with lattice points and one 
has no pure states. If one considers only pure states, 
then / assumes indeed only integer or even integer 
numbers. 

c) The order of filling of the states is obtained 
from Fig. 6 by assuming a small perturbation which 
tilts the spectra by an infinitesimal angle. If the 
hydrogen spectrum is tilted just a bit toward the 
PSE-spectrum, the order of filling according to in-
creasing 1 is correctly inferred as (n, /) = Is; 2s, 
2p; 3s, 3p, 3 d ; . . . . Tilting the PSE-spectrum a bit 
towards the hydrogen spectrum, the order of filling 
is correctly deduced to be (n, l ) = Is ; 2p, 2s; 3d, 
3p, 3s; 4 f , . . . . 

5. Final Remarks 

By using the existence of a freely adjustable para-
meter x in the simple non relativistic Schrödinger 
equation for the Coulomb problem, we interpreted 
the occurance of only double weighted angular mo-
mentum quantum numbers in the conventional clas-
sification of the PSE (Fig. 1) as being due to a 
special choice of x. It seems that the most degenerate 
representation of the PSE requires the filling of only 
four Coulomb shells with a fourfold degeneracy of 
the states as compared with the twofold degeneracy 
due to spin in the conventional classification of the 

hydrogen spectrum. In the frame of the present 
simple theory, * appears to be a rather formal para-
meter. The fact that this parameter proves to be 
useful in describing the transformation between the 
PSE and the hydrogen spectrum suggests, that a 
more fundamental interpretation should be possible 
within the scope of a more general treatment of the 
Coulomb problem. Similarly, the existence of an ad-
ditional level splitting effect requires a more detailed 
theory for its explanation then used in this commu-
nication. It has been shown recently6 that the H-
atoms can be described by the dynamical group 
0 (4 ,2 ) in a 6-dimensional space. This group is the 
product 0(4,2) = 0 ( 2 , 1 ) X 0(2,1) of two indepen-
dent Lorentz groups and the effect of spin in one of 
them should require by reason of symmetry the 
same in the other; the fourfold degeneracy of the 
states in the PSE appears then to be quite natural. 

The high symmetry of the PSE seems to be of 
interest from different point of views and further 
questions arise immediately as may be indicated by 
the following remarks. 

1. Starting from a PSE with only four Coulomb 
shells, detailed calculations in atomic and solid 
physics require a quite unusual first order approxi-
mation since in contrast to current theories the sta-
tes with high orbital angular momenta in a shell 
have — similar to the nuclear states — a lower 
energy than those with low orbital angular momenta. 
Further, the tetrahedral bond which is very charac-
teristic for many systems, might perhaps find a more 
direct interpretation than in terms of an sp3 hybrid 
bond. 

2. Taking the isotopic spin into account, the nu-
cleus is described basically by five quantum num-
bers. One expects these quantum numbers to match 
somehow the five quantum numbers of the electron 
shell if the total wave function of a complete atom 
consisting of nucleus and shell is considered. What 
are then the properties of nuclei corresponding to 
the atomic magic numbers Z = 4, 20, 56, 120? Since 
for the nucleus a harmonic oscillator potential is a 
reasonable approximation, it is interesting to note 
that the total number of states of a three dimensional 
harmonic oscillator is for every second shell identi-
cal to an atomic magic number. Unfortunately, this 

fi A . O . BARUT and H . KLEINERT. Phys . Rev . 161. 1464 [1967 ] , 
— Y . NE'EMAN. A l g e b r a i c Theory of Part ic le Phys i cs , Ben-
j a m i n 1967 . 



is not true anymore if the multiplicity of the states 
due to spin and isospin is taken into account. 

3. By straightforward extrapolation of the PSE 
one obtains for the far transactinides a new electron 
shell which has a maximum angular momentum / = 4 
and is started with the element Z = 121. 

4. Modern algebraic approach to elementary par-
ticle physics has brought out some parallels between 
the properties of hadrons and the H-atom. It has 
been shown 6 that not only the H-atom but also the 

hadron spectrum can be described by the group 
0 ( 4 , 2 ) . It seems to be of interest to use the trans-
formation from the hydrogen spectrum to the PSE-
spectrum as an experimentally well accessible model 
for similar problems in the physics of strong inter-
action. In this connection it would be desirable to 
obtain more experimental values on the properties 
of highly ionized atoms than are currently available. 

We thank K . H A R D E N B E R G , H . LÜBBIG and J . M I M -
KES for stimulating discussions. 
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F o r 27 m o l e c u l e s wi th a p p r o x i m a t e l y ex t remal f o r c e fields, an e m p i r i c a l d is t inct ion b e t w e e n 
hydr ides and n o n - h y d r i d e s is l i n k e d , via the c o m p a r i s o n o f c a l c u l a t e d and o b s e r v e d Cor io l i s coe f f i -
c ients , to a d i f f e r e n c e , based u l t imate ly on the re lat ive l i ghtness of the h y d r o g e n atom, in the 
potent ia l e n e r g y d is t r ibut ions of h y d r i d e s a n d n o n - h y d r i d e s . T h e potent ia l e n e r g y cr iter ia o f Becher 
and Bal le in are c o m p a r e d to those c o r r e s p o n d i n g to e x t r e m a l d i a g o n a l f o r c e constants . Cor i o l i s 
c oe f f i c i ents f o r the m o d e l of p rogress ive r ig id i ty are mos t l y in r o u g h a g r e e m e n t with those observed . 

Introduction 

Recently, papers have appeared 2 dealing with 
the extremal properties of the vibrational force con-
stants in the second order secular equation, the gen-
eral solution of which is the subject of a rather 
thorough earlier treatment3. Only in the case of a 
secular equation of the second order does an ex-
tremum of either diagonal force constant procure 
a unique solution for the force field and normal co-
ordinate transformation. From the results of S T R E Y 

a n d K L A U S S 1 a n d o f B E C H E R a n d B A L L E I N 2 o n t h e 

extremal force constants of a variety of molecules, 
the following two empirical statements may be made: 

(a) One of the two extremal solutions (corres-
ponding either to the maximal stretching force con-
stant or to the minimal bending force constant) is 
often a fairly good approximation to the accurately 
determined force field. 

R e p r i n t requests to Dr . D . E . FREEMAN, D e p a r t m e n t of the 
A i r F o r c e , H e a d q u a r t e r s A i r F o r c e C a m b r i d g e R e s e a r c h 
L a b o r a t o r i e s ( O A R ) . L a u r e n c e G . H a n s c o m F i e l d , Bedford, 
Massachusetts 0 1 7 3 0 . 

(b) In such cases, a distinction exists between 
hydride and non-hydride molecules, in that for all 
of the latter the extremal solutions with maximal 
stretching force constants are never close to the ac-
curately determined force fields. 

The main point of the present note is to supple-
ment the recent work on extremal force constants 2 

by correlating the above remark (b) to properties 
of the potential energy distributions and Coriolis 
coefficients for 27 molecules for which the remark 
(a) is true. 

Discussion 

(1) Vibrational potential energy distributions 

The two distributions of potential energy among 
the symmetry force constants, corresponding to the 
force fields with maximal Foa (stretching) and mini-

1 G . STREY, J. M o l . S p e c t r y . 2 4 , 87 [ 1 9 6 7 ] . - G . STREY and 
K . KLAUSS, Z . Natur forsch . 2 3 a. 1667 , 1 7 1 7 [ 1 9 6 8 ] . 

2 H . J . BECHER and K . BALLEIN, Z . phys ik . C h e m . F r a n k f u r t 
5 4 , 3 0 2 [ 1 9 6 7 ] , 

3 P . TORKINGTON, J. C h e m . P h y s . 17 , 3 5 7 [ 1 9 4 9 ] . 


